Abstract-When a student performed only some of the steps needed to solve a problem, this student gets partial credit. This partial credit is usually proportional to the number of stages that the student performed. This may sound reasonable, but in engineering education, this leads to undesired consequences: for example, a student who did not solve any of the 10 problems on the test, but who successfully performed 9 out of 10 stages needed to solve each problem will still get the grade of A ("excellent"). This may be a good evaluation of the student's intellectual ability, but for a engineering company that hires this A-level student, this will be an unexpected disaster. In this paper, we use computational intelligence ideas to analyze this problem from the viewpoint of potential loss to a company, and we show how to assign partial credit based on such loss estimates. Our conclusion is that this loss (and thus, the resulting grade) depend on the size of the engineering company. Thus, to better understand the student's strengths, it is desirable, instead of a single overall grade, to describe several grades corresponding to different company sizes.
I. ASSIGNING PARTIAL CREDIT: FORMULATION OF THE PROBLEM
Need to assign partial credit. If on a test, a problem is solved correctly, then the student gets full credit. If the student did not solve this problem at all, or the proposed solution is all wrong, the student gets no credit for this problem. In many cases, the student correctly performed some steps that leads to the solution, but, due to missing steps, still did not get the solution. To distinguish these cases from the cases when the student did not perform any steps at all, the student is usually given partial credit for this problem.
The more steps the student performed, the more partial credit this student gets. From the pedagogical viewpoint, partial credit is very important: it enables the student who is learning -but who has not yet reached a perfect-knowledge stage -to see his or her progress; see, e.g., [1] , [3] .
How partial credit is usually assigned. Usually, partial credit is assigned in a very straightforward way: if the solution to a problem j requires n j steps, and k j < n j of these steps have been correctly performed, then we assign the fraction k j n j of the full grade. For example, if a 10-step problem is worth 100 points and a student performed 9 steps correctly, then this student gets 90 points for this problem.
For engineering education, this usual practice is sometimes a problem. If our objective is simply to check intellectual progress of a student, then the usual practice of assigning partial credit makes perfect sense. However, in engineering education, especially in the final classes of this education, the goal is to check how well a student is prepared to take on real engineering tasks. Let us show that from this viewpoint, the usual practice is not always adequate.
Let us consider a realistic situation when, out of 10 problems on the test, none of these problems were solved by the student. However, if in each of these ten problems, the student performed 9 stages out of 10, then this student will get 9 points of the ten for this problem. Thus, the overall number of points for the test is 10 · 9 = 90, and the student gets the grade of A ("excellent") for this test.
None of the original ten problem are solved, but still the student got an A. This does not sound right, especially when we compare it with a different student, who correctly solved 9 problems out of 10, but did not even start solving the tenth problem. This second student will also get the same overall grade of 90 out of 100 for this test. However, if we assume that this test simulates the real engineering situation, the second student clearly performed much better.
This example shows that for engineering education, we need to come up with a different scheme of assigning partial credit.
What we do in this paper. In this paper, we analyze the problem, and come up with an appropriate scheme for assigning partial credit.
II. ASSIGNING PARTIAL CREDIT IN ENGINEERING EDUCATION: ANALYSIS OF THE PROBLEM AND THE RESULTING FORMULAS
Description of the situation. To appropriately analyze the problem, let us imagine that this student has graduated and is working for an engineering company. In such a situation, a natural way to gauge the student's skill level is to estimate the overall benefit that he or she will bring to this company. Let us start with considering a single problem j whose solution consists of n j stages. Let us assume that the newly hired student can correctly perform k j out of these n j stages. This is not a test, this is a real engineering problem, it needs to be solved, so someone else must help to solve the remaining n j − k j stages.
Possible scenarios. From the viewpoint of benefit to a company, it is reasonable to distinguish between two possible situations.
It is possible that in this company, there are other specialists who can help with performing the remaining n j − k j stages. In this case, the internal cost of this additional (unplanned) help is proportional to the number of stages.
It is also possible that no such specialists can be found within a company (this is quite probable if we have a small company). In this case, we need to hire outside help. In such a situation, the main part of the cost is usually the hiring itself: the consultant needs to be brought in, and the cost of bringing in the consultant is usually much higher than the specific cost of the consultant performing the corresponding tasks. Thus, in the first approximation -that we will use in this paper -the cost of using a consultant does not depend on how many step this consultant performs.
Comment. Of course, this is only an approximation to the actual costs. More accurate computations should take into account that the consultant's fee somewhat increases with the number of steps that the consultant is hired to perform.
Estimating expected loss to a company: case of a single problem. We want to gauge the student's grade based on the financial implication of his or her imperfect knowledge on the company that hires this student.
We cannot exactly predict these implications, since we do not know for sure whether the company will have other specialists in-house who can fill in the stages that the newly hired student is unable to perform. Thus, we have a situation of uncertainty. According to decision theory (see, e.g., [2] , [6] , [8] ), in such situations, a reasonable decision maker should select an alternative with the largest value of expected utility. Thus, a reasonable way to gauge the student's effect on the company is to estimate the expected loss caused by the student's inability to perform some tasks.
To estimate this expected loss, we need to estimate the losses corresponding to both above scenarios, and the probability of each of these scenarios.
As we have mentioned, in the first scenario, when all the stages are performed in-house, the cost is proportional to the number of stages. So, if we denote the cost of performing one stage in-house by c i (i for "in-house"), the resulting cost is equal to c i · (n j − k j ).
In the second scenario, when we have to seek a consultant's help, as we also mentioned, the cost practically does not depend on the number of stages. Let us denote this cost by c h (h for "help").
To complete the estimate, we need to know the probabilities of the two scenarios. Let p denote the probability that inside the company, there is a specialist that can help with performing a given stage. It is reasonable to assume that different stages are independent from this viewpoint, so the overall probability that we can find inside help for all n j − k j stages is equal to p nj −kj . Thus:
• with probability p nj −kj , we face the first (in-house) scenario, with the cost c i · (n j − k j );
• with the remaining probability 1 − p nj −kj , we face the second (outside help) scenario, with the cost c h . The resulting expected loss is thus equal to
Estimating expected loss to a company: case of several problems. Several problems on a test usually simulate different engineering situations that may occur in real life. We can use the formula (1) to estimate the loss caused by each of the problems. The overall expected loss L can be then computed as the sum of the costs corresponding to all J problems, i.e., as the sum
So how should we assign partial credit. Usually, the credit is counted in such as way that complete knowledge corresponds to 100 points, and a complete lack of knowledge corresponds to 0 points. In this case, to assign partial credit, we should subtract, from the ideal case of 100 point, an amount proportional to the expected loss caused by the student's lack of skills. In other words, the grade g assigned to the student should be equal to
for an appropriate coefficient of proportionality c. The corresponding c should be selected in such a way that for a complete absence of knowledge, we should subtract exactly 100 points. The complete lack of knowledge corresponds to the case when for each problem j, the student is not able to solve any stage, i.e., when k j = 0 for all j. In this case, the formula (2) takes the form
We want to select the coefficient of proportionality c in such a way that this worse-case will be equal to 100: c · L = 100. From this equality, we conclude that c = 100
Substituting this expression and the expression (2) for L into the formula (3), we conclude that
. (6) We can simplify this expression if we divide both numerator and denominator of this fraction by the factor c h . In this case, this factor c h disappears in terms proportional to c h , and terms proportional to c i become now proportional to the ratio
As a result, we arrive at the following formula.
How to assign partial credit: the resulting formula. Our analysis shows that for a student who, for each j-th problems out of J, performed k j out of n j stages, should be given the following grade:
Here c ′ i is the ratio of an in-house cost of performing a stage to the cost of hiring an outside consultant.
III. LET US ANALYZE THE RESULTING FORMULA FOR
ASSIGNING PARTIAL CREDIT Different types of companies. The above formula uses a parameter: namely, the probability p that it is possible to perform a stage in-house, without hiring outside help. We have already mentioned that the value of this parameter depends on the company size:
• In a very big company, with many engineers of different type, this probability is close to 1.
• On the other hand, in a small company this probability is very small. On these two extreme cases, let us illustrate the use our formula (7).
First extreme case: a very big company. In this case, when p = 1, we have 1 − p nj −kj = 1 − p nj = 0, so the formula (7) takes the simplified form
Dividing both numerator and denominator by c ′ i , we get
Subtracting the fractions, we get the formula
This is the usual formula for assigning partial credit, when we assigned the same number of points for each step. Thus, this usual formula corresponds to the case when a student is hired by a very big company.
Second extreme case: a very small company. In this case, p = 0, i.e., every time a student is unable to solve the problem, the company has to hire an outside help. The cost of outside help does not depend on how many stages the student succeeded in solving: whether a student performed all but one stages or none, the loss is the same. In this case, the student gets no partial credit at all -if the answer is not correct, there are 0 points assigned to this student.
Comment. This situation is similar to how grades are estimated on the final exams in medicine: there, an "almost correct" (but wrong) answer can kill the patient, so such "almost correct" answers are not valued at all.
Intermediate case: general description. In the intermediate cases, we do assign some partial credit, but this credit is much smaller than in the traditional assignment (which, as we have shown, corresponds to the large-company case).
Intermediate case: towards an approximate formula. We have already mentioned that c i ≪ c h and thus, c ′ i ≪ 1. Thus, we can safely ignore the terms proportional to c ′ i in our formula (7) . As a result, we get the following approximate formula:
If we subtract the fraction from 1, we get
Usually, the number of stages n j is reasonably large, so p nj ≈ 0, and we arrive at the following formula:
where
Intermediate case: resulting approximate formulas. The grade for the text can be described as an average of the grades g j for individual problems, where for each problem, if a student performed k j steps out of n j , the grade is described by the formula (12).
IV. SO WHAT DO WE PROPOSE
Our analysis shows that, depending on the size of company, we should assign partial credit differently. So maybe this is a way to go: instead of trying to describe the student's knowledge by a single number, we use different numbers corresponding to several different values of the parameter p (i.e., in effect, depending on the size of the company).
For example, we can select values p = 0, p = 0.1, . . . , p = 0.9, and p = 1. Or, as a start, we can select just values p = 0 and p = 1 (maybe supplemented with p = 0.5).
We recommend that all these grades should be listed in the transcript, and each company should look into the grade that is the best fit for their perceived value p.
Comment. In this paper, we assumed that the student is absolutely confident about his or her answers. In real life, the student is often not fully confident. The corresponding degree of confidence should also be taken into account when gauging the student's knowledge -i.e., when assigning partial credit; possible ways to take this uncertainty into account are described, e.g., in [5] .
V. THE RESULTING FORMULAS FOR PARTIAL CREDIT ARE
IN GOOD ACCORDANCE WITH COMPUTATIONAL INTELLIGENCE Need for an intuitive interpretation of the above formula. Our formula for partial credit comes from a simplifiedbut still rather complicated -mathematical model. Since the model is simplified, we cannot be 100% sure that a more complex model would not lead to a different formula. To make this formula more acceptable, we need to supplement the mathematical derivation with a more intuitive explanation. Such an explanation will be provided in this section and in the following one.
Specifically, in this section, we will show that the above formula is in good accordance with the general well-accepted ideas of computational intelligence. In the following section, we show that this formula is also in good accordance with a common sense analysis of the situation.
Let us analyze the problem of partial credit from the viewpoint of computational intelligence. The grade for a problem can be viewed as the instructor's degree of confidence that the student knows the material. The only information that we can use to compute this degree is that the student successfully performed k j stages, and the student did not perform the remaining n j − k j stages.
Let us start our analysis with the simplest case, when the problem has only one stage. In this case, if the student successfully performed this stage, then our degree of confidence in this student's knowledge is higher. On the other hand, if the student did not perform this stage, our degree of confidence in this student's knowledge is lower.
Let D denote our degree of confidence in the student's knowledge when the student successfully performed the stage, and let d (d < D) be the degree of confidence corresponding to the case when the student did not succeed in performing this stage.
In general, each of the k j successful stages adds a confidence D, and each of n j − k j unsuccessful stages adds a confidence degree d. The need for combining different degrees of confidence is well-studied in fuzzy logic (see, e.g., [4] , [7] , [9] ), where the degree of confidence in an "and"-statement A & B is estimated by applying an appropriate "and"-operation (a.k.a. t-norm) to the degrees of confidence in individual statements.
The two simplest (and most widely used) "and"-operations are min and product. Let us consider what will happen if we use each of these operations.
If we use the minimum "and"-operation, there will be no partial credit. Let us first analyze what will happen if we use min as the "and"-operation. In this case, we have only two possible results of applying this "and"-operation:
If the student successfully performed all the stages of solving a problem, then the resulting degree of confidence is equal to
On the other hand, if the student did not succeed in at least one stage, then, no matter how many stages were missed, we get
So, in this case, we either give the student the full credit -if the student has successfully performed all the stages, or, if the student failed in at least one stage of the problem, we give the student the exact same grade as if we failed in all the stages.
Thus, if we use the minimum "and"-operation, we do not assign any partial credits -and, as we have mentioned earlier, partial credit is pedagogically important.
What if we use the product "and"-operation. If we use the product "and"-operation, then the resulting degree of confidence is equal to
As usual in fuzzy techniques, it is convenient to normalize these values, i.e., to divide all these degrees µ by the largest possible degree µ -so that after the division, the largest of the new degrees µ ′ = µ µ will be equal to 1.
The largest degree is clearly attained when the student has successfully performed all n j stages of solving the problem, i.e., when k j = n j and, correspondingly, n j − k j = 0. In this case, formula (13) leads to µ = D nj . Dividing µ by µ, we conclude that
where we have denoted p
Conclusion: we get the exact same formula for partial credit. We can see that the formula (14) that we obtained based on the ideas from computational intelligence, and the formula (12) that is obtained based on our mathematical model are identical. Thus, our formula (12) is indeed in good accordance with the computational intelligence ideas.
VI. COMMONSENSE INTERPRETATION OF OUR PARTIAL CREDIT FORMULA
Why we need such an interpretation. The justification that we provided in the previous chapter is based on the general description of different "and"-operations. These general descriptions have nothing to do with the specific problem of assigning partial credit. So maybe for this specific problem we should have used a different "and"-operation, which may lead us to different formula? To make our formula for partial credit move convincing, it is therefore desirable to supplement that general justification with a commonsense interpretation which would be directly related to the problem of assigning partial credit.
Main idea behind about commonsense justification. Knowledge about each subject can be viewed as an ever-growing tree:
We start with some very basic facts. We can say that these facts form the basic (first) level of the knowledge tree.
Then, based on these very basic facts, we develop some concepts of the second level. For example, in Introduction to Computer Science, once the students understood the main idea of an algorithm, they usually start describing different types of variables: integers, real numbers, characters, strings, etc.
Based on the knowledge of the second level, we then further branch out into different concepts of the third level, etc.
In the first approximation, we can assume that the branching b is the same on each level. The overall number of concepts of all levels from 1 to n is equal to the sum
For each problem, usually, each of n stages corresponds to the corresponding level: the first stage corresponds to Level 1, the second stage corresponds to Level 2, . . . , the n-th stage corresponds to Level n. From this viewpoint, when a student was able to only successfully perform k stages, this is an indication that this student has mastered only the concepts of the first k levels.
With this limited knowledge, out of all possible b n − 1 b − 1 concepts, the student has mastered only
A reasonable way to gauge the student's knowledge is by estimating what is the portion of concepts that the student learned, i.e., by computing the ratio
Here, n is reasonably large and k is also large -if k is the small, this means that the student is failing this class anyway, so it does not matter how exactly we assign partial credit. In this case, b n ≫ 1 and b k ≫ 1. So, by ignoring 1s in comparison with b n and b k , we can come up with the following approximate formula
where we have denoted p def = 1 b .
Conclusion: we get the exact same formula for partial credit. We can see that the formula (16) that we obtained based on our commonsense analysis if the partial credit problem, and the formula (12) that is obtained based on our mathematical model, are identical. Thus, our formula (12) is indeed in good accordance with common sense.
VII. CONCLUSION
When a student correctly performs only some of the steps needed to solve a problem, this student gets partial credit for this problem. At present, the partial credit is usually simply proportional to the number of steps that the students performed correctly. As a result, we sometimes encounter a paradoxical situation: if in each of 10 test problems, the student correctly performed 9 out of 10 steps, then this students gets 90 points out of 100, and an "excellent" (A) grade -but the student's ten answers are all wrong! If this student graduates and starts working for an engineering company, this student's performance will be a disaster.
In this paper, we use computational intelligence ideas to come up with a better way of assigning partial credit, a way that more adequately reflects the student's ability to solve reallife engineering problems.
So far, we have only performed a theoretical analysis of this problem. It is desirable to supplement this theoretical analysis with an empirical evaluation of the proposed formulas for assigning partial credit.
